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BUCUT OT n. JloKazaHO, 4TO MpU BCEX HOCTATOYHO OOJIBIINX 3HAYEHUSIX ¢ BEJIMYMHA j-XpPOMaTUYECKOTO
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1. BBEAEHHUE

B pabGote paccMmaTpuBaeTcs u3BEeCTHas 3agaya
TEOpUU CIydailHbIX I'pacoB U rurieprpacdoB, CBsI3aH-
Hasl ¢ U3y4eHUeM TpelesibHbIX pacipenesieHuid Xpo-
MaTuueckux yuces. CHayasa Mbl HAIOMHUM OCHOB-
HbIE OIpeneIeHUsI.

1. 1. Onpedenenus

Tuneprpadpom H = (V, E) B iMCKpeTHOI MaTeMa-
TUKE Ha3blBaeTCs Tlapa MHOXECTB, I1e V' — HeKOoTo-
pOe KOHEYHOe MHOXECTBO 8epuiuH, a £ — 3T0 HEKO-
TOpast COBOKYITHOCTb BbIACJICHHBIX TOAMHOXKECTB V',
Ha3bIBaeMbIX pedpamu runeprpacda. [uneprpad sB-
JisieTcsl k-OmHOPOJIHBIM, €CJIM BCE ero pedbpa MMeroT
MOILITHOCTbB k , KaK OAMHOXecTBa V.

B pabote n3yyarmTcst BepIIMHHBIE pACKPACKU TU-
neprpadoB. PopmarbHO pacKpackoil MHOXKECTBa
BepiuH runeprpacda H = (V, E) B r IBETOB Ha3bIBa-
ercs otobpaxenue f :V — {1,...,r}. dnsg packpac-

KA f BBOOSTCS MHOXecCTBa V, = f_l(i), i=1,...,r,
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oOpagyroiiue pazoueHue V. OHU Ha3bIBAIOTCS Yge-
moevimu Kaaccamu packpacku f. B Teopun rpadoB
IIUPOKO U3BECTHO TIOHSITUE MPABUAbHOU PACKPACKU
rpacda, B KOTOPOI JItOOble JBE CMEXHbIE BEPIIMHbI
MMEIOT pa3Hble 1IBeTa. OHO HEOMHO3HAYHO TIePEHO-
CUTCSI Ha cJTyvait rurieprpadoB, 31eCh MOXKHO BBECTHU
LIEJIYIO CepUI0 j-MPpaBUJIbHBIX PACKPACOK, TTapaMeT-
pU3YEMYIO HaTypajibHOW BEIUYMHON j. A UMEHHO,
s j > 0 packpacka MHOXECTBA BEPIIIWH TUIieprpa-
da H = (V,E) Br LIBETOB Ha3bIBACTCS j-NPAGUAbHOLL,
€CJIU B Hell Kaxjaoe pedpo runeprpada cConepkuT He
0oJiee j BeplllMH Kaxaoro u3 ¢ 11BeToB. Hampumep,
npu j =1 3To O3HAYaeT, YTO BCE BEPLIMHBI pedpa
JIOJDKHBI OBITH TTOKpallleHbl B pa3Hble 1iBeTa. Eciu
runeprpad k-oQHOPOIEH, TO UMEET CMbICJ paccMaT-
puBathb ToNbKO 1 < j < k — 1, nHave mr06ast packpac-
Ka OyJeT j-TpaBUJIbHOM.

MuHUMaJIbHOE YUMCJIO 1IBETOB #, HEOOXOomAMMoOe
JUIST j-TIpaBUJIBHOTO pacKpalllMBaHUsl BEPILIWH TH-
neprpada H , Ha3pIBaETCH j-XpOMAMUUECKUM HYUCAOM
H v obosHauaercs uepes ¥ ;(H). OTmeTum, 4to 1U1st
rpac¢oB (2-0MHOPOAHBIX TUIIEPTpadoB) MapaMeTp j
MOXET OBITh paBeH TOJIbKO 1. B Teopuu runeprpadoB
KJIaCCUYECKOMY TIOHSATHIO XPOMAaTMYECKOro YMcia
runeprpada, y(H), BBeaeHHOMy Dpreliem u XaliHa-
JIOM, COOTBETCTBYET cuTyauus j = k — 1.

B pabote uccienyercst j-XxpoMaTUYeCKOe YMUCIIO
ciyyaiitHOro k-omHOpoAaHOTro Tureprpada B OMHO-
MuaidbHOU wMomemu H(m,k,p), tme n>k =2,
p € (0,1). Hanomuum, yro monens H(n, k, p) npen-
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craBiiseT coboit cxemy bepHysiu Ha pedpax MOJTHOTO
k-ogHoponHoro runeprpaga Ha n BepIIMHaX: KaxK-
o€ k-TIONMHOXECTBO n-3JIEMEHTHOIO MHOXECTBa
BEpIIWH BKitodaercs: B H(n, k, p) B KauecTBe pedbpa
HE3aBUMCUMO C BEposTHOCThIO p. Ilpu k = 2 MbI no-
JIy4aeM XOPOILIO U3BECTHYIO MOJIENb CJIy4aiiHOTO Ipa-
da G(n, p), TakKe Ha3bIBaeMyl0 MOAEIbI0 Dpaelia—
Penbu. IlepeuucneHHble MoIeNU SBISIIOTCS LEH-
TPUILHBIMU OOBEKTAMU U3YYEHUSI BEPOSITHOCTHON
KOMOWHATOpUKU. B pamKax cTaTbu MbI Hpearosara-
eM,uto k > 2 ul < j < k —1 (oukcupoBaHbl, 1 CTpe-
MUTCS K 6eckoHeYHOCTU U p = p(n) € (0,1) aBusger-
cs (pyHKILIMEH OT 7.

1.2. Hcmopus 3a0auu

HMccnepoBaHus acUMOTOTHUYECKOIO TIOBEICHMS
XpOMaTU4YeCKOro 4yuciia ciaydyaitHoro rpada G(n, p)
Havajauck eule B 70-¢ romsl IPOILIOro Beka. 31aech
CTOUT OTMEeTUTH padoThl [Ixx. I'pmMmmerra, K. Mak-
muapmuna [1], b. bomnoo6ama [2], T. Jlyuaka [3, 4],
H. Anona u M. Kpusenesuua [5]. I3 pa6or [4, 5] B
YaCTHOCTH, CAEI0BAJIO, YTO IIPU JOCTATOYHO OBICTPO
crpemsiieiics K Hymo (GyHkuuu p(n) (Hampumep,

pn) < n* m1s HeKoTOporo (GMKCHPOBAHHOTO
€ > 0) x(G(n, p)) c BEPOSATHOCTBIO, CTpeMsIIeHcs K 1
C POCTOM #, MPUHAIJIEXXUT MHOXECTBY U3 JBYX CO-
CeHUX 3HayeHui {h,h+1} LI HEKOTOPOU Heus-
BECTHOM (hyHKUMU A = h(n, p). B nanpHelimem mouc-
Ky IaHHOW (PYHKIMMU OBbUIM MOCBSIIEHBI PabOThI
. Axsmmonraca, A. Haopa [6], A. Koiig-OmiaHa,
K. ITanaitory, A. Ilterep [7], C. Kapranbuesna,
. llla6anosa u T. LllaiixeeBoit [8]. B pa6ore [6] uc-
KoMasi (byHKIIMS A Oblia HalileHa B TaK Ha3blBaeMOM
pa3pexXeHHOM cilyyae, Korja cpeaHee 4ucio pebep

n
JIMHEITHO TI0 YMCITy BEPIIVH, T.€. Koraa p(n) = cn/ )

st ¢ > 0, He 3aBUCSIIETo OT #. A UMEHHO, eclii ¢ > 1
3amaHo u r, =min{re N : ¢ <rlnr}, TO ipu p =

=06

P (1G(n p)) € {ror, +1}) = 1

Tem He MeHee 0Ka3ajaoCh, YTO B pa3pekKeHHOM CJIy-
yae 1151 O0JILIIMHCTBA 3HAYEHU I TapamMeTpa ¢ UMeeT
MECTO JaxKe OMHOTOUYEUYHas TpeaesibHas KOHLIEHTpa-
1IMSI 3HAYEHUSI XPOMATUUYECKOro Yucjia ciaydyaitHoro
rpaca. CBsi3aH mogoOHBIN 3PP EKT C HATMYNEM TOI-
HOI1 MOPOroBOI BEPOSTHOCTH [IJISI CBOMCTBA HAJTMYMS
MpaBWIBHOU pacKpackKud B r 1IBETOB IIpU r = 3, ee
HaWIy4lye TeKyIlI1e OLIEeHKU ObUIY MOJIyYeHbl B pa-
oorax [9, 10].

XpomaTtrndeckue 4uciia ciaydaiHoro rureprpadga

H(n,k, p) cranmm aktuBHO M3y4aThes ¢ 1980-x. B pa-
oorax JIx. Imuar, B. llamupa n 3. Ydoma [11—

Mpu 71 —> +oo,
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13] ObUTO HaMAEHO ACHMIITOTMUYECKOE ITOBEIeHUE
X,;(H(n,k, p)) npy onpe/ie;IeHHbIX YCIOBUSIX HA BEJIN -

yuHy p = p(n). B nanpHeiilnem Haubonee 00Kl pe-
3yJIbTAT ObLI ITOJy4eH B padote M. KpuBeneBuua u
b. CynakoBa [14]. 1151 ero ¢hopMyJIUpOBKY BBEIEM

BEJIUUUHY d = p( ), pPaBHYIO MaTEMaTUYECKOMY

k-1
OXWIAHWIO CTETIEHU BepIIUHBI B H (1, k, p), 1 ojo-
d =i -1 d.E k-1 k—1-j 0
xXumd; = j ; .Ecnmv pn~ " — ooy pn -0,

TO IJIS1 j-XpOMaTUYECKOTO YKcCJia CIydyaifHOro rurep-
rpada BBIITOJIHEHA CIeAYIOIIasl CXOOUMOCTD ITO BEpO-
SATHOCTHU:

=1/j

d.
{(H(n,k, . . P 1
W HOk )| o
pu 1 —> oo,

ABTtopamu [14] Takke ObLITIO TOKa3aHO, YTO B pa3pe-
JKEHHOM cllyyae, KOrja CHOBa CpeHee Yuciio pedep
JIMHEWHO IO YUCJY BEPIIMH, UMEET MECTO KOHIIEH-
TpalMs j-XpOMaTUYECKOTO YMCa B OrpaHUYEHHOM
4KCIie 3HAYCHUIA. A IMEHHO, €CJTU TlapaMeTp d; huk-
CUPOBaH, HO JOCTAaTOYHO BEJIUK, TO C BEPOSITHOCTHIO,
crpemsiieiics K 1 mpu # — oo, BBINOJTHEHBI ClIeIYyIO-
1€ HEPaBEHCTBA

d 1/j
— 7 | <y.(Hmk,p)) <
G+Dind, x,;(H(n,k, p))

d; 1

s . T
(G+DInd,  1n"'d,

HanbHeiile mpoaBUXKEHUSI B BOITPOCe KOHIIECH-
TpalUMU j-XpOMaTUUYECKOTO UMCa ObLIM cAeiaHbl B
KJIACCUYECKOM ciy4dae j = k —1, T.e. [UIsT OOBIYHOTO
XpoMmarudyeckoro yucia. Ham cHoBa OymeT ymoOGHO
BBECTH ITapaMeTp ¢, OTBEUYAIOLIMIT TPOITOPLINY CPel-
Hero yucia pedep Mo OTHOIIEHUIO K YKUCTY BEPIINH,

(1)

1/j

T.€. IyCTh p = cn/ . B pa3pexxeHHOM ciy4dae, KO-

Ia ¢ HE 3aBUCUT OT K, XPOMATUYECKOE YUCIO CO-
rmacHo (1) orpaHWYeHO, HO MOXHO ropasuo OoJiee
TOYHO YyKa3zaTb ero 3HauyeHusi. OO003HaAUYUM

. k-1
r.=min{reN:c < r"Inr}. Torma, KoHe4HO,

k-1 k-1
cel(r—-1)" In(r,—-1),r. Inr,), HO B 3aBUCUMOCTH
OT MOJIOXKEHMS ITapaMeTpa ¢ Ha OTpe3Ke XpoMaTude-

CKO€ 4MCJI0 OyIeT paBHO r, WU f, + 1. A UMEHHO, B
pabotax M. [aiiepa, A. ®pusa u K. I'punxumn [15],
I1. Biipa, A. Koiig-Ornana, K. I'punxuin [16] un
J1. IIIabanosa [17] 6110 JOKa3aHO, YTO

* €CJIU Cc > }"ckilln}"c —%lnrc,TO
P (ua(H(n ke, p)) = 1. +1) = 1

npu " —> oo}
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* ecnu ¢ < rck_1 Inr, — %lnrc —vyi(k,r), tne y(k,r) —

HEKOTOpas orpaHNYeHHas QYHKITNS, KOTOPYIO MOX-

HO BBIOpATh paBHOM Y(k,r) = r-1 + 0, (1) 1 xOTO-
r

PyI0 MOXHO YMEHBIIUTb 10 Y(k,r) = In2+ o, (1)

nipu r > ry(k), TO

P 1(H(nk,p))=r)—>1 npu n— oo

k-1 1
BuHyTpu xe HeOGonbIIoro oTpe3Ka | . Inr. —=Inr. —
c c 2 c

k-1
—vy(k,r), . Inr, — %lnrc} MU3BECTHO JIMIb, YTO

XPOMATUYECKOE YMCJIO C BEPOSTHOCTBIO, CTPEMSI-
weica Kk 1, pasHo r, wmm r, +1. Konuenrpauusa
Xi—1(H(n,k, p)) B HEpa3peXeHHOM Cllydyae U3ydasiachb
B paborte [ 18], Toe 6BIIO JOKa3aHO, YTO ITIPU HE CITUIII-
KOM MeIJIEHHO yObIBatoleid dyHKuMu p(n) Xxpoma-
TUYECKOE YUCJIO CIy4ailHOro rurieprpaca CKOHIIEH-
TPUPOBAHO B HEKOTOPBIX ABYX COCETHMX 3HAYCHUSIX,
a Tak>ke ObUTM HalAEHBI 3TU IBa 3HAYEHUS B OIIpee-
JICHHBIX CITyJasix.

B o61iem ciyvae, korna j < k — 1, KOHLIEHTpaLIUs
Jj-XpOMaTUYECKOTo 4yucia u3ydyaaachb, MIOMUMO YXe
yIoMsiHyToro pesyibrata (1), TOJbKO B pa3pexkeH-
HoM ciydae. B pabore [19] ucciienoBanach moporo-
Basi BEPOSITHOCTb j-TPaBUJIbHOM F-pacKpalliuBae-
MOCTHU ciyyaitHoro runieprpada H(n,k, p) B cutya-
1IM1, KOTAa 3HaueHMe IapaMeTpa OTHOPOIHOCTU k
CUJIBbHO TIpeBBIIIIAET 3HAUCHUE YMCJia [IBETOB 7. AB-
TopHI [ 19] moka3aiau, 4ToO B pa3peKeHHOM CIIydae, KO-

n
rma p = cn/ (k} urae ¢ > 0 He 3aBUCUT OT x, AJI81 JTIIO-

00ro r > 2 CyLIECTBYIOT TaKMe MOJIOXUTEJIbHBIE YHC-
nmaC, =Cy(r),C, =C,(r)nuk, = ky(r),ytronpu k > k,
nl<k-j;< k"/* BeimonueHo CJIEIYIOIIICE: €CIIU

c,-[* RN )
u'j+1'r9 ()

nr Inr

k-1
e < r_Inr _Inr
2

ki1 g ]
% (Je-

s

_ Cl . k(/—k+])/2’ (3)

TOP (3, (H (n,k,p)) <r) = 1npun — .

OTMETUM HECKOJIbKO MOMEHTOB OTHOCHTEIILHO
9Toii Teopembl. Bo-mepBbix, MapaMeTp j HOJIKEH
ObITb NPUMEPHO paBeH k, j ~ k, HO, BCe-Taku, j
JIOJKHO OBITh MeHbIIIE k — 1. BO-BTOpPBIX, 3a30p MeEX-
Iy oueHKaMu (2) u (3) cTpeMUTCS K HYJII0O C POCTOM
k. B-TpeThux, mapaMeTp », OTBEJAIOIIN 3a OrpaHu-

JOKJIAJIbI POCCUMCKOW AKAJEMUU HAVK. MATEMATUKA, UH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUSA

YEeHUE Ha j-XpOMaTUUYeCKOe YHCIIO, JOIXKEH OBbITh 3a-
METHO MeHblIlle k. TeM caMmbIM, JaHHasI TeopeMa He
MO3BOJISIET cAeJIaTh BBIBOABI O KOHLIEHTPALUU XPO-
MaTHUYeCKOIO YKCJIa, HO JaeT OYEeHb TOYHEIEC OLIEHKU
MOPOTOBOU BEPOSATHOCTH TSI j-TIPAaBUJIBHOM # -pac-
KpalllMBa€MOCTHU TIPU OOJIbIIUX K .

[lenbio HacTosIIIEH PabOTHI OBLIO MTOJIYYEHUE CXO-
XK1X pe3yJIbTaTOB, HO IJIsI 0OpaTHOrO ciydas, Korma
rnapaMeTp OJHOPOAHOCTU k (DUKCHUpPOBaAH, a Iapa-
METP ¥ MOKET ObITh CKOJIb YTOTHO OoabiuuM. EqnH-
CTBEHHBII TOAOOHEBIN pe3yIbTaT ObLI paHee IMoIyYeH
takke A. CemeHoBbIM U [I. [IlabanoBbiM B [20] mist
ciyqass j = k — 2. ABropamu [20] 6bUIO TIOKa3aHoO,

n
YTO €CJIN p = cn/(k} ¢ > 0 He3aBUCUTOT n, k =291

r > ry(k), TOo Iipu

Inr _
¢c>- 1=k -
In(l—r""(kr —k +1)) 4)
= Ainr _Inr + Okr™™),
kr—k+1 2

BBITIOJIHEHO P (X, _,(H(n,k,p)) > r) > 1 Ipu n — oo,
anpu

k-1

k-1
o Inr _Inr_ r=1 ks
kr—k+1 2 k(r-1)+1 (3)

+ 0k’ r ™ Inr),

BBIITOJIHEHO P (Y, _,(H(n,k,p)) <r) = 1 ipu n — oo.
Tem caMbIM, TIpy GUKCUPOBAHHOM Kk U PACTYIEM 7,
rnojyyaercs 3aszop nopsiaka 1/k +o,(1). Lensio Ha-
et paboThl ObLIO TIOJYYWUTh aHAJIOTH PE3yIbTaTOB
(4)—(5) nns obieii curyaumu, korna k /2 < j < k — 2.

2. HOBBIE PE3VJIBTATDI

OCHOBHbIE pe3yJbTaTbl HACTOsIIE padboThl 10-
MOJIHSIOT pe3yabTaTh (2)—(5) 1 1aioT HOBBIE OLICHKU
IMIOPOTOBON BEPOSITHOCTA CBOWMCTBA j-TIPABUJIBHOM
r-packpallliBaeMOCTH Y ciy4yaiitHoro rureprpada
H(n,k, p) B paHee HE PAaCCMOTPEHHBIX OOJTACTIX U3-
MeHeHuit napametpoB. [lepBasi Teopema 1OMONHSIET
(2) n (4).

Teopema 1. ITycmo H(n, k, p) — cayuaiinsiii k -00Ho-
n
POOHUBLI eunepepag Ha n eepuiuHax, 2de p = cn/ (kj’

¢ > 0 ne 3asucum om n. lnsa arwboeo k > 7 cywecmay-
tom makue noaoxncumenvuovle vucna C, = C, (k) u
ry = ry(k), umo ona arbvix r > ry, k/2 < j< ku

“TIn In j
r_r_ _Mric .r/inr (6)

Kk )
2. [ ](r—l)
s=0 S

c >
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evinoanero P (x ;(H(n,k, p)) > r) = 1 npun — .
Bropas teopema gononHseT pe3yabTatsl (3) u (5)
Teopema 2. Ilycmo H(n, k, p) — cayuaiinsiii k -o0Ho-

n
POOHBLI eunepepag Ha n eepuiuHax, 2de p = cn/ (kj’

¢ > 0. Ja arboeo k 27 cywecmeyrom makue noiao-
acumensuvie yucna C, = C(k) u ry = ry(k), umo npu
r>nruk/2 < j<k—3evinoaneno caedyroujee: ecau

c<$—ln7’— . —c,-ln:r, (7)
(et [0
mo
P, (H(nk, p)) < 7) > 1
npun — oo,

ITpokxoMMeHTHpPYEM TIOIydYeHHBIE PE3yIbTaThI:

1. TITo cpaBHeHUIO ¢ pe3yabTaTamu 13 [20] yoaaoch
3HAYUTEIBHO PACIIMPUTHL 00JIaCTh U3MEHEHMSI ITapa-
meTpa j. B teopemax 1 u 2 TpebyeTcs Jaullb, YTOObI
j = k/2,BTO Bpems Kak B padore [20] paccmaTtpuBa-
JIOCh 3HaUYE€HUE j aCUMITTOTMYECKU TO XK€ caMoe, YTO
nyk.

2. Ycnosue j = k/2, B HEKOTOPOM CMBICJIE, SIBJISI-
eTCs TPAaHUYHBIM. B 3TOM ciiydae j-xpomaTuuyeckue
yrcia k-ogHOPOAHBIX TUIlepTrpadoB TakKe Ha3bIBa-
10T caabbimu. CyTh B TOM, YTO €CJIM peOpo 0Ka3aJioCh
IUIOXO pacKpallleHO, TO 3TO O0eCIeuMBaeTCs JIUIIb
OIHUM OOJIbILIMM HAaOOPOM BEPIIMH OTHOIO lIBETAa.
B to Bpewms, kak nipu j < k/2 Takux HaOOPOB MOXKET
ObITb HECKOJIbKO, W, 3HAYUT, HEOOXonuMoe s j-
MPaBUJIbHOM pacKpacKu YMCIIO IIBETOB YK€ HE MOXKET
OBITh IMTPOU3BOJILHBIM. JIsI TAKMX pacKpacoK Tpedy-
€TCsI HECKOJIBKO Apyroit aHanu3. [TomoOHbIe pe3yiib-
TaThl MOTYT OBITh HAMAEHBI, HATIpUMeED, B [21].

3. YcioBue k =7 sBiAseTCS TEXHUYECKUM, IS
MEHBIINX 3HAYEHU MOXKHO TOJIYYUTh TTOXOXIE pe-
3yJIbTaThl, HO 3TO TMOTPEOYeT HEKOTOPOTO JTOIOTHU-
TEJILHOTO aHaJn3a IIpu NpUMEHEHNU MEeTOAa BTOPO-
ro moMmeHTa. C yaetoM padot [15] u [20] mmoiry4yaercs,
YTO cpenu nap 3HaueHui (k, j), j = k/2 dopMasibHO
pe3yJIbTaThl OTCYTCTBYIOT TOJIBKO UIsT HA00pOB (8,6),
(7,5), (6,4), (6,3), (5,3), (4,2).

4. BoiBeneM ceACcTBUE O KOHIIEHTpAllMM 3Haye-
HUI1 j-XpomaTudeckoro yucia. O603HaunuM

Inr

P inr
uk(r) = k—

J-1 k
> [ j(r -1
s=0 S

3aMeTuM, 4TO MPU BCEX AOCTATOYHO OOJBIIUX F
dyHkuMa u, (r) SABISETCS BO3paACTAOLIEH, IMpUYEM
pasHOCTb U, (r +1) —u,(r) pacTeT MO MOPSAAKY KakK

i1
" lnr.
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CnenctBue 1. Ilyemv k=27, k/2< j<k-3, a
r 2 ry(k) docmamouno eeauro. [lycmo p = cn/ (Zj

1) Ecau

cel|lur-D+C,-(r=1)"In(r-1),

1

() =
4

moP (x;(H(nk,p)) =r) — lnpun— oo.
2) Ecau

ce |u/(r) —+
e

mo P (y;(H(n,k,p)) € {r,r +1}) > 1 npun — .
3) Ecau

—C(Inry’" |,

—C(nr) u () +C, - r’Inr|,

cel|lu()+C,-r’Inr,

1

moP (x,(H(nk,p))=r+1) = 1npun — oo.

CnenctBue 1 mokasbIBaeT, YTO MPH ITOYTHU BCEX
3HAYCHUIX TTapaMeTpa ¢ B pa3peXeHHOM cllydae j-
XpOMaTHYECKOe YHUCIIO MMEET OTHOTOYEYHOE IIpe-
JeTbHOE pachpefesieHue, a s BCeX 0CTaTOYHO
0OJIbIIMX 3HAYEHUIT OHO CKOHLIEHTPUPOBAHO B IBYX
COCEMHUX 3HAYCHUSIX.

u(r+1)— —C(In(r +2))""™ |,

BaxxHbIM BcrioMoraTejibHbIM pe3y/abTaToOM, JiexXKa-
MM B OCHOBaHMUUM NOKa3aTC/IbCTBA TCOPEMbI 2, SIB-
JIIeTCS pellieHUE CIeAYIONIei OMTUMU3ALMOHHOM 3a-
JIa4YM JJIST IBAKIIBI CTOXacTUYecKux Matpull. O60o3Ha-
yuM 4depe3 M, MHOXECTBO MaTpUIl pa3Mepa » X r C
HEOTPULIATEILHBIMUA 3JIEMEHTAMU U CASAYIOIIUM

cBolicTBOM: s Joboit M = (m,i,j =1,...,7r) € M,

(/R

IUIS1 TOOBIX f,u = 1,...,r BBIIIOJHEHO
r r
1 1
m, ==, mp, ==,
u'=l r i=l r
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T.€. CyMMa 3JIeMEHTOB MaTPUILIbI IO JTIOOOMY CTOJIOIY

1 1106011 cTpoke paBHEbl 1/r. Nanee, nisi M € M, BBe-
JeM IBe (pyHKIIUU:

%(M) = _Zr:miu ln(miu)a

=) ®)
EM) = In(1-Q(M)),
rae
OM) =2q -
r k k—ss—j—l+h
k J k . Ky h+t
S
fam1s=+\5 =0 =0 h t)\r
_ 2 k—h-s
xm! (r + m,-u) ,
r
k—j1

r -1y

OtrMmetuM, uyTo byHKUMsA Q(M) M, cienoBaTeybHO,
dbysxMSa (M) ABIAAIOTCS TTapaMeTPUIESCKUMHM M 3a-
BUCST OT BBIOpAHHBIX paHee MapaMeTpoB j U k.

Hakoneu, miga ¢>0 BBeaeM G.(M) =
=H(M)+c-éM). O60o3HauMM yepes J, Marpuiry,
BCE BJIEMEHTBI KOTOPOI paBHbI l/rz. Torna numeet Me-
CTO clieAyiollee YTBePXKIeHUE.

Teopema 3. Ecau evinoanerno ycaosue (7), mo cyue-
cmeyem makas Qyukyus b = b(r,k,j) > 0, umo das
ar06oti mampuyvt M € M, 6binoaHeHO HEPABEHCEO

r 2
61D~ G Y (my= L] O
iu=l1 r
Pe3ynbTathl B Ayxe TeopeMbl 3 BeCbMa MOJIE3HbI U
MOTYT ObITb TPUMEHEHBI JISl UCCAEA0BAHUS j-XPO-
MaTUYECKUX YHCeJI CIy4ailHBIX TuneprpagoB Jaxe B
Hepa3peKeHHOM ciiydae, CM., HaripuMep, [7, 18].

3. UIEN JOKA3ATEJIbCTB
3.1. Hdeu dokazamenvcme meopem 1 u 2
Hoxka3aTeabCTBO TeOpeMbl 1 ciaemyer MeToay Iep-

BOTro MOMeHTa. MBI IiepexoarM K paBHOMEPHOI MO-
nenu caydyaitHoro runeprpada H'(m k,m), rtme

m=|p " ¢ > 0 yIoBJeTBOPSIET HepaBeHCTBY (6).

k

B monenu H'(n, k, m) HE3aBUCUMO, pABHOBEPOSITHO U
C BO3BpallleHHeM BbIOMpaloTcs m pedep U3 BCeBO3-
MOXHBIX Kk -TIONMHOXECTB MHOXECTBA BEPIIWH.
C nmoMmolplo MeTola KaIlJIMHTa MOXHO I10Ka3aTh,

qTO TIpU p' = c'n/ , The ¢' > ¢, OyneT BBIIOJIHEHO
HEPABEHCTBO

P(x,(H'(n,k,m)) > r) <P(y,(H(nk,p"))>r)+o).

JOKJIAJIbI POCCUMCKOW AKAJEMUU HAVK. MATEMATUKA, UH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUSA

CirenoBaTebHO, IJIST JOKAa3aTeJIbCTBA TEOPEMEBI JTO-
CTAaTOYHO IOKa3aTh, YTO JieBasi YacTh HEpaBEHCTBA
ctpemurcs K 1. Jlanee, paccMaTpuBaeTcs ciydaiiHast
BeJIM4YMHA X, paBHasd YMCIY j-NPaBUJIbHBIX pacKpa-
cok H'(n,k,m) B r uBeTOB. C IMOMOILIbIO HUKETTPUBE-
JIEHHOW KOMOWHATOPHOI JIEMMBI MOXKHO OIIEHUTH
MaTeMaTU4YeCKOe OxXuganue X,,.

Jlemma 1. Ilycmov k 27, k/2 < j < k. Cyuwecmeyem
makoe ry = ry(k), umo npu r = ry u écex 0oCmamo4yHo
00AbUWIUX 1 BBINOAHEHO: 045 AT00bIX Vi, ...,V, C YCA08UEM

-
Z‘ lVi = N 66PHO HepPpaeeHcmeo
i=
r k—j—-1 Vi n— V,’
22 2
= = \k—s S

k—j—1
n/r \(n—n/r %

>

_r; ks p +o(n").

IMpumenss temMMy 1, MOKHO TTOKa3aTh, YTO MPU
ycnoBu# (6) BRIIOTHEHO E X, — 0 TIpu # —> +o0, UTO
3aBepIaeT MT0Ka3aTeIbCTBO TEOPEMHI 1.

V1BepkaeHune TeopeMbl 2 000CHOBBIBAETCS C TIOMO-
IIIbIO METO/Ia BTOPOro MoMeHTa. Bo3MOXHOCTB mpruMe-
HEHMsI JAaHHOIO MeToda CeAyeT M3 HaJIM4Us TOYHOM
TMOPOTOBOU BEPOSITHOCTH IJIST CBOMCTBA j -TIPABWJIBHOM
pacKpalirMBaeMOCTH B 3aIaHHOE YHCJIO 1IBETOB Y CJIy-
yaitHoro runeprpada H(nk,p). Ilo onpeneneHuto
byHKUMA P,y ;= P, ;(n) ABIAETCA MOUHOU NOPO2O-
801 8epOAMHOCMbIO UTS1 CBOMCTBA j -TIPaBUJIbHOM pac-
KpallBaeMOCTHU B 7 IIBETOB, €CJIM JIJIsI JII0OOro (puk-
CUPOBAHHOTO € > () BBIIIOJHEHO, YTO

) I, ecmup<(-¢)p;
nlggop (,(Hnk,p)y = r) = 0, ecmu p>(1+¢))p.
CyliliecTBOBaHME TOUHOM TTOPOTOBOI BEPOSITHOCTHU B
Halleil 3agade BbITeKaeT M3 padboTel X. XaTtaMu M
M. Momnos u3 [22], B KOTOpO# yTBEp>KIAaeTcs, YTO
JIto0o€e CBOMCTBO, BhIpakaeMoe KakK HaJuyKhe TOMO-
MopdnzMa 13 n3ydyaeMoro runeprpada B HEKOTOPBIN
¢dUKCHUPOBAHHBIN (MOXET OBITh, COmepKaluii He-
MpaBWIbHBIE peOpa) CBS3HBIA rureprpad, muMeer
TOYHYIO MOPOTOBYIO BepOsITHOCTb. CylllecCTBOBaHUE
TOYHOI MOPOTOBOM BEPOSITHOCTU 3aMETHO 00JIer4yaeT
Hallly 3aj1auy. Terepb HaM He HY>KHO JI0Ka3bIBaTh Ha-
MPSIMYIO, YTO BEPOSITHOCTb HAJIMUUSI UCKOMOM pac-
KpacKy CTPEMUTCS K €IWHWUIIE, JOCTATOYHO JUIIb
MOKa3aTh, UTO B YCIOBUSIX TEOPEMBI 2 OHA OTHEeJIeHa
OT HyJIS.

Kak n B mokasarenbCcTBEe TeOpeMbl 1, HaM CHOBa
OyaeT ynoOHO MepeiT K paBHOMEPHOI MOAEIU CTy-
yaiiHoro rureprpada. Ho B aToT pa3 Monenb Oynet
HEMHOTO JIpyrasi, a MMEHHO, Mbl BBOJJUM CJIyYalHBINA
runeprpad H'"(n k,m), tne m = |_cn-|, COCTOSIILIMI U3
m HE3aBUCHUMBIX CIIyJaliHBIX k -TIOIMHOXECTB MHO-
2KEeCTBa BEPILMH, IIPUYEM U B KaXKJIOM TaKOM k -TIOJI-
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MHOXECTBE BCe k BepIIMH BHIOMPAIOTCS CIIyd4aiiHO,
HE3aBUCUMO U paBHOBeposTHO. KoHedHO, B M01006-
HOM Tuneprpade Mbl MOXEM ITOJIyYUTh U COBIAIAI0-
e pedpa, u pedbpa pazMepa MEHBbIIIE, YeM k , KOTIa
HaM BbIITaJIY ITOBTOPSIIOIIMECS BEPIIUHBI. [TosscHUM,
Kak OymeM pacKpallrBaTh pedpa, B KOTOPbIX BCTpe-
YalOTCsl ITOBTOPSIIONINECS BEPIIMHEBL: MO-IIPEKHEMY
OyJeT rOBOPUTH, UTO PEOPO paCKpaIIEHO j-TpaBUJIb-
HO, €CJIM OHO C YYETOM KPaTHOCTU TTOBTOPSIIOIIAXCS
BEPILIMH CONEPXUT He OoJiee j BEPIIMH KaXXKI0To 1IBe-
Ta. CHOBA C ITOMOIIBIO TEXHUKMW KaIUIMHIa MOXHO

nokasarbnipuc' <cu p' = c'n/ [Zj OyZIeT BBITIOJTHE-
HO COOTHOLLIEHUE
P(x;(H(nk,p)) <r)2P(x,(H"(nk,m))<r)+o().

CrnenmoBaTeabHO, OCTAETCS IPOBEPUTH, UTO B MOIEIN
H"(n,k,m)

Lim P (y,(H"(n,k,m)) < r) > 0. (10)

n—oo
OcraeTcs cBeCcTH 3a1a4y K BBIUMCIEHUIO MOMEHTOB
HEKOTOpOM ciiyyaiiHOIi BeJIMUUMHBI. B 3TOM KauecTBe
KayecTBe Mbl OyJeM UCHOJIb30BaTh X, — YMCIO j-
MPaBWIBHBIX COAJIAHCUPOBAHHBLIX PACKPacoK CIy-
yaiiHoro runeprpacda H'(n,k,m). HamomHauM, 4tO
pacKkpacka Ha3bIBae€TCs cOAIAHCUPOBAHHOILL, €CIIN BCE
€€ 1IBETOBbIE KJIACChl MMEIOT OAWHAKOBYIO MOIII-
HocTb. B 1emme 1.4 paGotsl [ 15] ObUIO JOKAa3aHO, YTO
cootHoureHue (10) mocTaTO9HO MPOBEPUTH TOJHKO
T10 MOATIOCIEA0BATEILHOCTH TE€X /1, UTO NEJISITCS Ha F
TaK 4YTO BCIOAY Jajiee Mbl OydeM CUMTAThb, UYTO A Jie-
JINTCS HA r.

IMpumensss HepaBeHCTBO [lamu—3urMyHma, MBI
TTOJTy4aeM CJICAYIONIYIO 1IeTTIOYKY HEPABEHCTB
2
EX,)
E

P(x,(H"(n,k,m)) <r)2P(X,>0)2 >

n

B utore ocraercst MMPOBEPUTDH, UYTO B YCIIOBUAX TEOPEC-
MbI UMECT MECTO CJIEAYIOIIECEC COOTHOIICHMUE MCEXIY

MOMEHTAMU CIIy4YaiHOU BEJIMYMHBI X,

(1)

KoMOMHATOPHBIMUA BBIYUCICHUSIMUA W TIPUMEHEHU -
eM dhopmyabl CTUPIMHTA MOKHO TTOJIYIUTD CIIETyIO-
11ee BhIpaskeHue 151 OTHOIIIEHUSI MOMEHTOB CTyJaii-

HOIl BEJIMYNHEI X,

EX, =0, (EX,)).

-1

E X’ B r
—— =0, |1 Y [V +1| %
EX,) T=(t)eT, \iu=I
(12)

x exp[n(G(T/n) - G.(J,))]

NOKJIAIbl POCCUMCKOMN AKAJJEMUU HAVK. MATEMATUKA, MH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUS

rae ¢byHkums G, ompenensuiach B TeopeMe 3, Kak
G.(M)=H(M)+c-EM), abyakuuu ¥ u € 66111
onpeneneHsl B (8). Kpome toro, T, B dopmyne (12)
0003HavYaeT MHOXXECTBO MaTpUll pa3Mmepa r X 7, y KO-
TOPBIX BCE JIEMEHTHI SIBJISTIOTCS LIEJIBIMU HEOTpUIIa-
TeJIbHBIMU YUCJIAMU, a CyMMa B KaXIIO CTpOKe U B
KaXJIOM CTOJIOIE paBHa #n/r. I 3aBepiieHns1 000c-
HoBaHMs cooTHomeHus (11) octaeTcda NMpUMEHHUTh
TeopeMy 3 M almpOKCUMHUPOBATh MOJYYUBIIYIOCS
CYMMY TayCCOBCKMM MHTETPAJIOM.

3.2. Hoeu dokazamenvcme meopemvi 3

Hrak, nyctb nana matpuua M € M,. HecnoxHei-
MU NpeoOpa30BaHUSIMU MOXHO ITOJIYYUTH CIIEIYIO-
1Iee npeAcTaBIeHIE UCCIIEAYeMOTO BhIPAKEeHMUSI:

G.(J,) =G (M) = Y my In(*m,,) - cIn = CPD.
iu=1 (1 - Q)
Hns kaxporo i =1,...,7 BBEIEeM CleIylOLINE
GYHKUIMU:

Hi(M) = Zmiu ln("zmiu),
u=1

k—ss—

Tz v o)

u=ls=j+1 h=0 =0

€M) =

| htt _» k—h—s
X(__miu) (miu) (r +m; ) _qz/"
-

r

Tornma B cuity (8) OyayT BBIIIOJHEHBI CIASAYIOIINE CO-
OTHOIIICHMUS:

() - H(M) =D Fe (M),
i=1

EM)—€J,)=In|1+ Zr:%[(M) < Zr:%i(M).
i=1 i=1

B cBsi3u ¢ oTUM YmOGHO paccMaTpuBaTh Pa3HOCTHU
H.(M)—cé,(M) nna Bcex [=1,...,r. OrMeTum
O4YeHb BaxHbIN dakt: pyHkuuu #,;(M) u €,(M) 3a-
BUCST HE OT BCE MaTPUILIbI, 4 TOJIbKO JIMIIb OT €€ i -
CTPOKH.

OcHOBHasg ujaes aHajiu3a COCTOUT B pa3OHMeHUU
MHOXXEeCTBa CTPOK MaTpuliibl M Ha LIEHTpaJbHbIE, XO-
pollNe U IJI0XKE B 3aBUCMOCTH OT MAKCUMAJTBHOTO
3HaYeHMs asteMeHTa. CTpOKY C HOMEPOM | OymeM Ha-
3bIBaTh

* YeHmMpAaabHOU, ECIIU

0< maxmiu<l— 2 .
U=L,.or r rinr

* Xopouteil, €CIU
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max m, € [———,——r
u=l,...r r rinrr

* NA0X0il, €ClIN

—k/2
r/

1
max m, > - — Inr.
e r

u=l,...
Crhenyolye TpU JeMMBI OLIEHMBAIOT Pa3HOCTU
#H (M) —c-€,(M) nist pa3HbIX TUTIOB CTPOK.
Jlemma 2. Eciau r docmamouto 6eaurko, mo oas Ar-
001l UeHMPANbHOIL CMPOKIU C HOMEPOM | 8bINOAHEHO

Hi(M)—c-€,(M) 2

2 2 2
ST 1 r 1
> my, ——| += my, —— | .
4 i 2 2 iu 2
wimy <r2 r wmy>r r
Jlemma 3. Ecau r docmamouno éeauko, mo 04s Ar0-
6011 Xopouieli CMpoKU ¢ HOMEPOM i 8bINOAHEHO

W (M) —c-E(M) > %r_k/z Inr.

Jlemma 4. Ecau ¥ docmamouno 6eauxo, mo 0as Ar-
001l N10X0U CIMPOKU C HOMEPOM | BbINOAHEHO

H(M)—c-E€M)=—fkyr " Inr,

e f(k) > 0 — HeKoTopasi NOJOXUTENbHAs (PyHKIIMS
ork.

C rmoMo1bio j1eMM 2—4 MOXXHO BBIBECTH HEODOXO-
IIMMOe HepaBeHCTBO (9), ecau B MaTpulie M ecTb XO-
TS ObI OOHA LIEHTpaJIbHASI CTPOKA WJIM OTHA XOpOoIlIasl.
EnvHCTBEHHBI HEMOKPBIBA€MbIiA UMM CIydait — 3TO
OIHU IUIOXME CTPOKHU B Matpuie M . JlaHHBII caydaid
paccMaTpuBaeTCsl OTASIbHO U UMEHHO B HEM BBIBO-
IuTCcs orpaHudeHue (6).

NCTOYHUKUN ®PUHAHCHPOBAHW A

PaGora BTOpOro aBTOpa BBIMOJIHEHA B paMKax IpO-
rpamMMbl pyHIaMeHTaIbHBIX ucciemoBanniit HUY BILD.
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ON THE CONCENTRATION OF VALUES OF j-CHROMATIC NUMBERS
OF RANDOM HYPERGRAPHS
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Presented by Academician A.N. Shiryaev

The paper deals with the study of the limit distribution of the j-chromatic numbers of a random k-uniform
hypergraph in the binomial model H(n, k, p). We consider the sparse case when the expected number of edges
is a linear function of the number of vertices #, i.e. is equal to cn for ¢ > 0 not depending on n. We prove that
for all large enough values of ¢, the j-chromatic number of H(n, k, p) is concentrated in one or two consec-

utive numbers with probability tending to 1.

Keywords: random hypergraph, colorings of hypergraphs, j-chromatic number, probability thresholds, sec-

ond moment method
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